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Birch and Swinnerton-Dyer Conjecture
Hodge Conjecture

Navier-Stokes Equations

P vs NP

Poincaré Conjecture

Riemann Hypothesis

Yang-Mills Theory



http://www.claymath.org/millennium/Birch_and_Swinnerton-Dyer_Conjecture/�
http://www.claymath.org/millennium/Hodge_Conjecture/�
http://www.claymath.org/millennium/Navier-Stokes_Equations/�
http://www.claymath.org/millennium/P_vs_NP/�
http://www.claymath.org/millennium/Poincare_Conjecture/�
http://www.claymath.org/millennium/Riemann_Hypothesis/�
http://www.claymath.org/millennium/Yang-Mills_Theory/�

ETE(IFHRALIE; ;

EE &

TS

]]II

)& lF A

s FTMOMDIL—ILTEZ(AR)
o« [ALNADYEIRETREL (

. Fﬁ EDIRRE

EOHmEEZHFL(HN)
%L'CJ_1_'CHZ

. ZOME

REBZEIRIET B(F

=1k )

e|2IEHFDITIRI1EL (GTHE)

51t-1E51kb)



1930%

HEET)L

{4

— Turing Machine
— Recursive Function Theory
— A Calculus

1980%
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— C. H. Papadimitiriou: Games against Nature.
J. Computer & System Sciences, 1985.

I84€ : TNature is computing |
— R. M. Karp (Turing’E(1985), IR#FE(2008))



Nondeterministic Polynomial (NP)

- Two players: prover, verifier

— Prover tries to convince verifier of her assertion by
just given one certificate

— Verifier must check validity of prover’s assertion
efficiently:
 efficiently = in time polynomial to input length

Oracle
x=1Ly=0,z=1

[ZLT! >
Peggy (Prover) Vlctor (Verifier)

(Xv YV Z)A(XVYVvZ)A(Xvyyvz) i satisfiable?




Computation Theory

Halting problem of Turing Machine

undecidable

gecldabile

HCn Presburger arithmetic
intractable= 2
exponential

tl

tractable= | |
olynomial log log n linear programming
Ime | -
nl193 | Nx/N matrix multiplication
n: input size nlogn | sorting, FFT

n median



SFENRRFARZZETORY?

B

e Deutch-Jozsa algorithm
— Exponential gap, but for a partial function...

e Shor’s quantum polynomial factoring
— Classically, only subexponential factoring
— Polynomial Las Vegas algorithm for primality testing
— does not provide a rigorous proof...

e Grover’s search algorithm
— Practically important, but theoretical non-exponential
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1927 Solvay Conference on Quantum Mechanics

http://commons.wikimedia.org/wiki/lmage:Solvay conference 1927.ijpgdY
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A. Piccard, E. Henriot, P. Ehrenfest, Ed. Herzen, Th. De Donder, E. Schrodinger, E. Verschaffelt, W. Pauli, W. Heisenberg, R.H. Fowler, L. Brillouin,

P. Debye, M. Knudsen, W.L. Bragg, H.A. Kramers, P.A.M. Dirac, A.H. Compton, L. de Broglie, M. Born, N. Bohr,

I. Langmuir, M. Planck, M. Curie, H.A. Lorentz, A. Einstein, P. Langevin, Ch. E. Guye, C.T.R. Wilson, O.W. Richardson


http://commons.wikimedia.org/wiki/Image:Solvay_conference_1927.jpg�

EPR and Bohr

MAY 15, 1915

PHYSICAL REVIEW

VOLUME 47

Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?

A. EmwstEIN, B, PopoLsEy ann N. Rosew, Tnstitule for Advanced Study, Princelon, New Jersey
(Received March 25, 1935)

In a complete theory there is an element corresponding
to each element of reality. A sufficient condition for the
reality of a physical quantity is the possibility of predicting
it with certainty, without disturbing the system. In
quantum mechanics in the case of two physical quantities
described by non-commuting operators, the knowledge of
one precludes the knowledge of the other. Then either (1)
the description of reality given by the wave function in

OCTOBER 15, 1935

PHYSICAL REVIEW

quantum mechanics is not complete or (2) these two
quantities cannot have simultaneous reality, Consideration
of the problem of making predictions concerning a system
on the basis of measurements made on another svatem that
had previcusly interacted with it leads to the result that if
(1) iz falze then (2) is also false. One is thus led to conclude
that the description of reality as given by a wave function
is not complete.

VOLUME 48

Can Quantum-Mechanical Description of Physical Reality be Considered Complete?

N. Bour, Instituie for Theoretical Physics, University, Copenhagen
(Received July 13, 1935)

It is shown that a certain “criterion of physical reality" formulated in a recent article with
the above title by A. Einstein, B. Podolsky and N. Rosen contains an essential ambiguity
when it is applied to quantum phenomena. In this connection a viewpoint termed “comple-
mentarity” is explained from which quantum-mechanical deseription of physical phenomena
would seem to [ulfill, within its scope, all rational demands of completeness.



Bell-CHSH correlation experiment

two measurements ftwo measurements

apply one apply one
:: § ; Bl

:entangled guantum state :
E!S 2
=

AZ Alice Bob

Classical correlation:
- P(Al) ") P(Bl) F P(AlBl) iy P(A&Bz) & P(AzBl) = P(Asz) <0

Quantum correlation:

_P(A)-P(B)+P(AB,)+ P(AB,) + P(A,B,) - P(AZB)s%
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Interactive Proof System
[Babai 1985; Goldwasser, Micali, and Rackoff 1985]

 Two players: prover, verifier

— Prover tries to convince verifier of her assertion with
unbounded computational power

— Verifier must check validity of prover’s assertion
probabilistically and efficiently:
» probabilistically = with bounded error
 efficiently = in time polynomial to input length IP=PSPACE

Interactive
Peggy (Prover) communication




Nondeterministic Polynomial (NP)

- Two players: prover, verifier

— Prover tries to convince verifier of her assertion by
just given one certificate

— Verifier must check validity of prover’s assertion
efficiently:
 efficiently = in time polynomial to input length

Oracle
x=1Ly=0,z=1

[ZLT! >
Peggy (Prover) Vlctor (Verifier)

(Xv YV Z)A(XVYVvZ)A(Xvyyvz) i satisfiable?




Example: Graph Non-Isomorphism

Graph Non-Isomorphism Problem (GNI)

INPUT: Two graphs G,, G, of n vertices

QUESTION: For all permutation = € S, on vertices,
(G, = G,?

© Protocol of verifier V:
1. Choose an index i € {1,2} of graphs
and a permutation = € S, at random.
Send a graph r (G;) to prover P
to ask which of the two is isomorphic to 7 (G)).
2. Receive an index j from P.
Accept iff I = .
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Multi-prover Interactive Proof
MIP=NEXPTIME

Victor (Verifier)
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NEXP NEXP=MIP=QMIP

|
EXP EXP IP:IPpoly
| =AM
QIP poly
PSPACE | | BOQPSPACE=PrQPSPACE=(N)PSPACE=IP
|
PrQP = PP
|
AQNA \
OMA NQP=co-C-P
ROMA

MA=AM |

N EomA

AM=AM > ,

BQP

NP BPP P(=EMA)  cO-NP

co-RP




EPR paradox and Bell inequalities

entanglement

Einstein, Podolsky, Rosen (1935)

— quantum entanglement vs. relativity theory measure ___INStantly  siate
(local) faster than light change

Bell inequality (1964)
— Entanglement/Nonlocalit=>violation

CHSH inequality
(Clauser, Horne, Shimony, Holt 1969)

— applicable to a bipartite system

Aspect et al. (1982)

— Experimental verification of violation of
CHSH inequality

Tsirelson (1980): max. violation value
= Semidefinite Programming (Avis, Imai, Ito 2006)



A Two-Party One-Round Interactive Proof System
[Cleve, Hagyer, Toner, Watrous CCC 2004]

Provers

« FRICRIEHBEZH AL THE O TERL
« BEIMNIEFES-LBE TS

1 Provers win

V(a,b;s,t)=
0< <1 Proverslose

a0 Zbe{0n

HHte{0L Effse{0

Victor (Verifier)



A Two-Party One-Round Interactive Proof System
[Cleve, Hayer, Toner, Watrous CCC 2004]

Provers

Alice o EHICEIEFEBZH AL THEOTKL
- Bi% a:S>A b:T>BZHEE

ﬁF‘nEJh\ll“ioT_bJJn'C%?&L\

1 Provers win
0< <1 Proverslose

ZraeA % beB
:{0111° ) '1| A|_l} :{0’11' ) '1| Bl_l}

)%TFEHSES
:{O’:L' | ’|S |_1}

)%fﬁ:ﬁtET
:{0’11' ) 1|T |_1}

Victor (Verifier)



CHSH Game

V(ab;st)= 1 a®@b=snat

0 otherwise

T—LOE: FHERERMISKHLT
sEEAE D DR D& KE

a(0)=0, a())=1; b(0)=1, b()=0
= A —ADfE3/4

acfod  Kbe{on

Hse{0} ERite{0}

Victor (Verifier)



CHSH Game® f##
c MHNIFE: ¥—LDIE 3/4

c =FNIFE:

¢O(9)>:cose‘ 0)+sindy
¢1(6’)> =—sind0)+cosdl

ELT

AIETES

X

i
b
Y0
b
i

3=/6,(0) ¢ (0)
a—

Ga(14)(03(n14)| &
4, (18)) ¢ (7 18)
#,(-718) |, (-/8)

= F— L DIE cos2(r/8)~0.85 >0.75
FSLLCHSHAFEHK L TRIENSBell RFERXDEZTDHLD

fthiZKochen-Specker 1, Bl TL /N —, EF IV STERLER LD EH

— ERTIZAliceéBobMN T 44 JLIKEE (‘00>+\11>)/\/§7é§*—:7ﬁ
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