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Abstract

Algebraic approaches to some optimization problems on graphs applying Conti-Traverso
algorithm to Grobner bases of finite graphs have been studied in recent years. On the other
hand, the complexity of normal form algorithms in Conti-Traverso algorithm is not well
understood. In this paper, we study the number of steps of reductions in Conti-Traverso
algorithm. We especially focus on the minimum cost flow problems and the transportation
problems on acyclic directed graphs, and experiment the number of reductions in Conti-
Traverso algorithm.

1 Introduction

Conti-Traverso [3] showed an algorithm based on Grobner bases for toric ideals to solve integer
programs. Some approaches to network problems by applying this algorithm to the vertex-edge
incidence matrices of graphs have been studied in recent years [7, 8, 10, 11]. On the other hand,
for the normal form algorithm which is used in Conti-Traverso algorithm, although the worst
case complexity of the number of reduction in general case has been studied [6], the number of
reduction for the special case such as Grobner bases for toric ideals are not known.

The number of elements in Grobner bases of graphs is related to the complexity of normal
form algorithm, and for the case of complete graphs, complete bipartite graphs and acyclic
directed graphs, the number of elements in Grobner bases for some term orders remain in
polynomial order [7, 8, 11]. In particular, for the case of acyclic directed graphs the number of
elements in Grobner bases seems to remain in polynomial order for any term order.

In this paper, we analyze the complexity of normal form algorithm in Conti-Traverso algo-
rithm for the case that Grobner bases are already given. Especially we focus on the minimum
cost flow problems and the transportation problems, and examine the number of reductions
in normal form algorithm during Conti-Traverso algorithm when we apply some methods on
negative cycle canceling method [1] for the minimum cost flow problems.

2 Preliminaries

In this section, we give basic definitions of Grobner bases, toric ideals and Conti-Traverso al-
gorithm. We refer to [4, 5] for the introductions of Grébner bases, [12] for the introductions of
toric ideals, and [3, 14] for the Conti-Traverso algorithm.



2.1 Grobner Bases

Let k be a field and k[x] := k[z1,...,z,] be the ring of polynomials in n variables. For a set
of variables x = (z1,... ,2,) and a non-negative integer vector a = (ov,... ,0n) € Z2; (Z>o
means the set of all non-negative integers), we denote x* := z{* - - z%». For a fixed term order
>~ and f € k[x], we call the largest term in f with respect to > the initial term of f and write

in,-(f).

Definition 2.1 Fizr a term order >, like a lexicographic order, and let ¢ € RY be a non-negative
vector. We define a refinement >, of ¢ with respect to > such that -

x®=cxPe=c-a>c-Bor(c-a=c-f and x* = xP).

Definition 2.2 Let f,g1,...,9s € k[x]|. f is reducible by g; if there exists some term f; of f

)

such that f; is divisible by in. (g;). Then we write f—r wherer = f — ﬁgz
9i Ny \3g;
f is reducible by G = {g1,... ,9s} when f is reducible by some g; € G, and then we write

f?r. In addition, if
fohofag o 1)

and fr is not reducible by G, then fi is called a normal form of f by G and written as ?G.

In general, the normal form of f by G is not unique. The central idea in Grébner basis is to
enlarge G so that the normal form of any polynomial becomes unique.

Example 2.3 Let f = zy®> —z and G = {g1 = zy + 1,90 = y> — 1} in k[z,y] and = be a
lexicographic order such that x = y. Then —x — y s the normal form of f since f— —z — vy,
g1
and 0 is also the normal form of f since f—0.
g2
Let enlarge G to G' = {g1,92,93 = = + y}. Then the normal form of f is only 0. 1

Definition 2.4 Let I C k[x] be an ideal and fix a term order =. G = {g1,...,9s} C k[x] is a
Grobner basis for I with respect to = if G satisfies the following:

1. T is generated by g1,... ,9s, and

2. for any f € k[x], the normal form fG 18 unique.

In addition, Grobner basis G is reduced if G satisfies the following:
1. for any i, the coefficient of in. (g;) is 1, and
2. for any i, any term of g; is not divisible by in, (g;) (i # 7).

The following is the algorithm which calculates one of the normal forms of f € k[x]| by a
polynomial set G = {g1,... ,9s}-

Algorithm 2.5 (Normal Form Algorithm(1))
Input: f € k[x], G = {g1,...,9s} € k[x] and >~
Output: One of the normal forms ?G
WHILE there ezists a term f; in f and g; € G such that in, (g;)|f; and f # 0 do
fi
f=f- 71
— in-(g;)
Output f~ = f.
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For the number of iterations of “WHILE” loop in this algorithm, only the upper bound has
known [6].

Theorem 2.6 ([6]) For a fized term order >, f € k[x] and G = {g1,... ,9s}, the number of
iterations Lg(f) of “WHILE?” loop in Algorithm 2.5 is at most

L =1
La(f) < ¢ (1+Rg U)L 1=2
2Re-UT, >3

where L is the number of terms in f, | is the mazimum of the number of terms in g; € G,
Rg > cd™ (c and d(> 2) is a constant which depends on > and G), and U = O(deg(f)) where
deg(f) is the total degree of f.

2.2 Toric Ideals

Fix a matrix A € Z%" and let a; be the i-th column of A. Each vector a; is identified with a
monomial t% in the Laurent polynomial ring k[t*!] := k[ty,... ,td,tfl, - ,t;l].

Definition 2.7 Consider the homomorphism
m: klzy, ... 2] — E[tTY], @ — £
The kernel of w is denoted 14 and called the toric ideal of A.

Every vector u € Z" can be written uniquely as u = u™ — u~ where u™ and u~ are non-
negative and have disjoint support.

Lemma 2.8
Iy = <x“;r —x" i €ker(A)NZ i=1,...,s)
Furthermore, a toric ideal is generated by finite binomials.

Definition 2.9 A binomial x*" —x" € I4 is called circuit if the support of u is minimal with
respect to inclusion in ker(A) and the coordinates of u are relatively prime. We denote the set
of all circuits in Iy by C4.

Definition 2.10 A binomial x* —x“ € I4 is called primitive if there exists no other binomial
x'"—xV € I4 such that both ut — vt and u™ — v~ are non-negative. The set of all primitive
binomials in I4 is called the Graver basis of A and written as Gry.

Let U4 be the set which is the union of all Grobner bases for I4 with respect to all term
orders. U, is a Grobner basis for I4 with respect to any term order, and called the universal
Grébner basis of 14.

Proposition 2.11 ([12, Proposition 4.11.]) For any matriz A,

Ca CU4L CGra.



2.3 Conti-Traverso Algorithm

Conti and Traverso [3] introduced an algorithm based on Grébner basis to solve integer programs.
We describe the condensed version of Conti-Traverso Algorithm(See [12]). This version is useful
for highlighting the main computational step involved. For the original version of Conti-Traverso
Algorithm, see [3].

Let AcZ9" beZd ce RZ,. We consider the integer program

[Py ¢(b) := minimize{c - x: Ax = b,x € Z5,}.

Conti-Traverso Algorithm is a algorithm using the toric ideal I4 which calculates x such that x
is minimum in the set {Ax = b,x € ZZ%,} with respect to the term order >, that is one of the
optimal solution of IP4 . Let IP4 . _(b) the problem that calculate this x.

Algorithm 2.12 (Conti-Traverso Algorithm)
Input: A € 24" b e 74, c € RZ,
Output: An optimal solution u' for IP4 . _(b)
1. Compute the reduced Grobner basis G+, of 14 with respect to .
2. For any solution u of IP4 c(b), compute the normal form x" of x" by G...
3. Output u'. u' is the unique optimal solution of IP4 . (b).

Conti-Traverso algorithm has given insight into the structure of integer programming by
associating reduced Grobner bases with test sets in integer programming [13].

3 Application to Toric Ideals of Acyclic Directed Graphs

Let G = (V, E) be an acyclic directed graph such that V' = {vy,... ,u,} and E = {e1,... ,en}.
The vertez-edge incidence matriz A = (a;5) of G is n x m integer matrix such that

1 v; is the initial vertex of e;
a;j = —1 w; is the terminal vertex of e;
0 otherwise

With regard to the toric ideal of the incidence matrices of graphs, applications of Conti-
Traverso algorithm to complete graphs, complete bipartite graphs, directed graphs, and trans-
portation of the incidence matrices of undirected graphs correspond to solve the minimum weight
perfect f-matching problems [7], the transportation problems [8], the minimum cost flow prob-
lems [11], and the vertex covering problems [10], respectively.

3.1 Toric Ideals of Acyclic Tournament Graphs

In this section, we consider the toric ideals of acyclic tournament graphs. The toric ideals of
acyclic tournament graphs are important since, as we will show in the next section, the Grobner
bases for toric ideals of acyclic directed graphs or bipartite graphs can be obtained from those
for acyclic tournament graphs automatically.

Let D,, be an acyclic tournament graph with n vertices which have labels 1,2,... ;n such that
each edge (i,7) (i < j) is directed from i to j. Let m = () be the number of edges in D,,. We
associate each edge (4, j) with a variable z;; in the polynomial ring k[x] := k[z;;: 1 <i < j <n].
Let A, be the vertex-edge incidence matrix of D,,.

A walk in D, is the sequence of vertices (v1,va,...,vp) such that (v;,viy1) or (vit1,v;) is
an arc of Dy for each 1 < i < p. A cycle is a walk (vi,v2,...,vp,v1). A circuit is a cycle
(vi,v2,... ,vp,v1) such that v; # v; for any i # j.
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Definition 3.1 Let C be a circuit of Dy,. If we fix a direction of C, we can partition the edges
of C into two sets C™ and C~ such that C" is the set of forward edges and C~ is the set of
backward edges. Then the vector u = (u;j)1<icj<n € R™ defined by

1 if (i,5) € CT
uij =< —1 if(i,j) e C”
0 i (i,5) ¢ C

is called the incidence vector of C.

Lemma 3.2 ([2, Proposition 2.17]) A binomial x" —x" € 14, is a circuit if and only if
u is the incidence vector of a circuit of D,,.

Proposition 3.3 ([12, Exercise 4(8)]) For the case of I4,, Ca, =Ua, = Gra,.

(Proof) If x4 _xu ¢ Gr 4, is not a circuit of 14, , then there exists a circuit x¢t —xT eIy
such that

n

supp(c™) C supp(u™), supp(c) C supp(u).

By Lemma 3.2, since each element in ¢™ and ¢~ is either 0 or 1, x"" is divisible by x¢" and
x"  is divisible by x¢ . Then u is not primitive, which is contradiction. |

Corollary 3.4 The universal Grobner basis Uy, is the set of binomials which correspond to all
of the circuits of D,,.

Corollary 3.5 The number of elements in Uy, s of exponential order with respect to n.

3.2 Grobner Bases for Acyclic Directed Graphs

We now consider the toric ideals of acyclic directed graphs and (undirected) bipartite graphs.
Let B, be the vertex-edge incidence matrix of acyclic directed graph G,, with n vertices and
Cr.n that of bipartite graph K, , with vertex sets V, W such that |V|=m, |W|=n.
We consider G,, as a subgraph of D,,, and let

E":={(i,5): (i,) € E(Dn) \ E(Gn)}
where E(Dy,) (resp. E(G,)) is the edge set of D,, (resp. Gp).
Proposition 3.6 Ip, = I4, Nk[zij: (i,7) ¢ E'].

(Proof) If f =x" —x®" eI B,,, there exists a cycle C' in Gy, such that for a suitable orientation
of C, the support of c' is the set of forward edges in C' and the support of ¢~ is the set of
backward edges in C. Then C is also a cycle in Dy,, which implies that f € T4, Nk[z;;: (i,5) ¢ E'].
Conversely, Let f = x® —x® € Iy N klzij: (i,j) ¢ E']l. Since f € I4,, there exists
a cycle C in D,, such that for a suitable orientation of C, the support of ¢t is the set of
forward edges in C and the support of ¢~ is the set of backward edges in C'. Furthermore, since
f € k[zij: (4,5) ¢ E'], C contains no edge which is contained in E’. Then C is also a cycle in
G, which implies that f € Ip,. |
Let G n be a subgraph of Dy, , such that the edge set E(Gm ) of Gmp is

E(Gmp) :={(,j):1<i<mand m+1<j<m+n}.

Gm,n is obtained from K,,, by orienting each edge from the vertex in V to the vertex in W.
Let Cy, ,, be the vertex-edge incidence matrix of Gy -



Proposition 3.7 Ic: =1I¢, . =Ip, ., Nk[zy: (1,7) € E(Gmn)]

m-+4n

(Proof) The i-th row of Cy, ,, equals the i-th row of Cp,, for 1 <4 < m and (—1) times the

i-th row of Gy, for m +1 <4 <m+n. Thus Icr = I¢,, , since ker(Cy, ) = ker(Cr ).
The proof of the second equality is similar to that of Proposition 3.6. 1
By Proposition 3.6 and Proposition 3.7, Grébner bases of acyclic directed graphs and bi-
partite graphs can be obtained from those for acyclic tournament graphs using the following

elimination theorem.

Theorem 3.8 ([4, Chapter 3, §3. Theorem 2 and Exercise 5]) Fiz an integer 1 <1 <n
and let = be a term order on klz1,x2,...,x,| such that any monomial involving at least one of
T1,...,x; is greater than all monomials in k[x;1,...,2,). Let =" be a term order which is the
restriction of > to k[zii1,... ,xyn]. If I is an ideal in k[z1,z2,... ,z,] and G is a Grébner basis
of I with respect to >, then G N k[ziy1,...,%y]| is a Grébner basis for I Nk[z;y1,... ,2,] with
respect to >~'.

3.3 Conti-Traverso Algorithm for Acyclic Directed Graphs

Using Algorithm 2.12, reduced Grébner bases for Iy, can be applied to minimum cost flow
problems on D,, or the subgraphs of D, or to transportation problem on the bipartite graphs
Kmpn.

Minimum cost flow can be solved by the cycle canceling algorithm, that is, for a feasible
flow the algorithm iteratively finds negative cost directed cycles in the residual network and
augments flows on these cycles. If the residual network contains no negative cost cycle, then
the flow is the minimum cost flow [1]. Since the elements of Grébner bases for acyclic directed
graphs correspond to the circuits of the graphs by Corollary 3.4, the cycle canceling algorithm
corresponds to Conti-Traverso algorithm in which the reduction is done by the universal Grobner
basis. Since in the cycle canceling algorithm we augment by each cycle as much as possible,
corresponding normal form algorithm in Conti-Traverso algorithm is rather different with the
original normal form algorithm in Algorithm 2.5.

Algorithm 3.9 (Normal Form Algorithm(2))
Input: f € k[x]|, G = {g1,... ,9s} € k[x] and >~
Output: One of the normal forms fG
WHILE there ezists a term f; in f and g; € G such that in.(g;)|fi and f # 0 do
fi
f=1 m>(9j)g]
WHILE there exists a term fi in f such that in, (g;)|fx and f # 0 do

e
fo=f——7—=9
()

Output f = f.
We remark that, in the normal form algorithm during Conti-Traverso algorithm, the input
polynomial f is a monomial, and thus intermediate polynomial f is also monomial since each

g; € G is binomial. And in Theorem 2.6, [ = 2 since I4 is a binomial ideal, L = 1 since f is a
monomial. Thus the worst case complexity of the number of reductions is O(d" - deg(f))-

4 Experiments

To analyze the efficiency of Conti-Traverso algorithm if the Grobner basis is already given, we
measured the number of reductions during Conti-Traverso algorithm for acyclic tournament



graphs, acyclic directed graphs, and complete bipartite graphs. We examined Algorithm 3.9 to
compare the number of canceling cycles during cycle canceling algorithm.

In the normal form algorithm Algorithm 3.9, we may have many choice of g; in the first
“WHILE” loops. We used four strategies to choose g;. Let ¢ be a cost vector and g; =
x% — xPi € G (x® = xPi).

(i) Most Leading Term Method Choose g; such that c - a; is the largest.
(ii) Most Improvement Method Choose g; such that ¢-a; — c - b; is the largest.

(iii) Minimum Mean Cycle Method Let M; be the number of non-zero elements in a; and
b;. Then choose g; such that (c-a; — ¢ b;)/M; is the largest.

(iv) Best Improvement Method Let IN; be the number of iterations of the first “WHILE”
loop for g; in Algorithm 3.9. Then choose g; such that N;(c-a; — ¢ - b;) is the largest.

(i) and (ii) are the methods described in [14]. (ii) and (iii) correspond to the most improve-
ment method [1] and minimum mean cycle canceling method [9, 1], respectively, both are known
as polynomial time algorithms for the minimum cost flow problems. (iv) is that we choose g;
such that the improvement after the first “WHILE” loop for g; is the maximum.

The data types used are the following:

Acyclic tournament graphs: The data name 7T'[v] means the tournament graph with v ver-
tices. (4 <v <8)

Acyclic directed graphs: The data name D[v]R[r] means that the data is generated from
T[v] by deleting each edge randomly by the probability 1 — r/100. (v = 7,8, r =
50, 60, 70, 80, 90)

Complete bipartite graphs: The data name K[m][n] (m < n) means the complete bipartite
graph with the vertex sets V, W such that |V| = m, |[W| =n. ((m,n) = (3,3),(3,4),(3,5),
(3,6),(4,4),(4,5))

For each graph, we give each edge the integer cost among 0 and 50 randomly, and give
each edge the initial low among 0 and 20 randomly. We examined each data 100 times and
averaged the number of iterations of the first “WHILE” loop in Algorithm 3.9. We used G in
Algorithm 3.9 as the reduced Grobner basis with respect to the refinement of ¢ and the universal
Grobner basis for toric ideal of each graph (which corresponds to the cycle canceling algorithm).

Comparing the results using reduced Grobner bases, the strategies (ii) and (iii) which are
efficient in the cycle canceling algorithm are also efficient for Conti-Traverso algorithm, and
the strategy (iv) is not so much efficient than (ii) or (iii). Comparing the result using reduced
Grobner bases and that using universal Grobner bases, Conti-Traverso algorithm is not so much
efficient than cycle canceling algorithm. This shows that the number of reductions does not
depend on the number of elements in Grobner bases.

From the viewpoint of calculation time, the methods using reduced Grobner bases seem
to be more efficient. Calculating the reduced Grobner bases takes large time, and calculating
the universal Grobner bases (enumerating all circuits in the graphs) also takes large time by
Corollary 3.5. On the other hand, deciding the basis to reduce for the case of reduced Grobner
bases takes much shorter than for the case of universal Grobner bases since the number of
elements in reduced Grobner basis is much smaller than that in universal Grobner basis. In
fact, for the data T'8 average calculation time of most improve method using reduced Groébner
basis is 0.03 second while that using universal Grobner basis is 168.65 seconds (these results are
timed on Sun UltraSPARC-II, 450 MHz workstation with 2GB memory).



Data Groébner Reduction Strategy

Data Grobner Reduction Strategy Name Basis (1) (i) (iii) (iv)
Name Basis (1) (i) (iit) (iv) Reduced | 10.30 | 7.89 | 7.93 | 7.85
Reduced | 3.39 | 3.09 | 3.08 | 2.99 | | P8R50 TUniversal | 11.41 | 6.50 | 6.57 | 6.01

T4 ["Universal | 3.29 | 2.73 | 2.74 | 271 Reduced | 16.50 | 11.72 | 11.98 | 11.47
Reduced | 8.11 | 7.10 | 7.09 | 6.71 | | P8R60 Tniversal | 20.25 | 8.99 | 8.99 | 7.90

T5  ["Universal | 7.84 | 5.47 | 553 | 5.19 Reduced | 26.08 | 16.09 | 16.19 | 15.26
Reduced | 15.39 | 12.28 | 12.21 | 11.63 | | P8R70 "Universal | 29.42 | 11.83 | 11.91 | 9.74

T6  ["Universal | 18.15 | 8.95 | 9.27 | 8.03 Reduced | 32.16 | 19.96 | 19.57 | 18.87
Reduced | 28.70 | 20.16 | 20.19 | 18.79 D8R80 Tniversal | 39.30 | 13.88 | 14.22 | 11.28

T7  ["Universal | 35.79 | 13.56 | 13.97 | 11.10 Reduced | 39.58 | 23.90 | 23.65 | 22.35
Reduced | 51.85 | 28.76 | 29.12 | 26.82 | | P8R0 Universal | 48.74 | 16.23 | 16.37 | 12.68

T8  Universal | 62.67 | 18.73 | 19.40 | 14.12 Reduced | 5.22 | 3.79 | 3.82 | 3.89
Reduced | 6.14 | 5.09 | 5.11 | 5.13 K33  Universal | 5.12 | 3.72 | 3.71 | 3.68

D7R50 Universal | 6.73 | 4.49 | 4.52 | 4.24 Reduced | 8.03 | 561 | 594 | 556
Reduced | 9.85 | 7.66 | 7.82 | 7.64 K34 Universal | 9.04 | 534 | 575 | 5.10

D7R60 Universal | 11.44 | 6.38 | 6.52 | 5.92 Reduced | 12.63 | 7.71 | 7.71 | 7.53
Reduced | 12.10 | 9.86 | 9.87 | 9.63 K35  Universal | 14.24 | 7.17 | 7.33 | 6.65

D7R70 Universal | 15.74 | 7.70 | 7.62 | 6.88 Reduced | 16.61 | 9.55 | 9.67 | 9.36
Reduced | 19.03 | 13.54 | 13.40 | 12.98 K36  Universal | 17.84 | 9.07 | 9.25 | 8.17

D7R80 Universal | 22.55 | 10.14 | 10.38 | 8.91 Reduced | 15.04 | 8.98 | 8.93 | 8.94
Reduced | 21.98 | 16.02 | 15.98 | 15.31 K44 Universal | 19.68 | 7.92 | 837 | 7.22

D7R90 Universal | 26.95 | 11.63 | 11.74 | 9.76 Reduced | 21.58 | 11.67 | 11.86 | 11.49
K45  Universal | 27.74 | 10.84 | 11.27 | 9.25

5 Conclusions

In this paper, we have studied the reductions in Conti-Traverso algorithm and have experimented
for the minimum cost flow problems and the transportation problems. The strategies which are
used in cycle canceling algorithm are also efficient for Conti-Traverso algorithm. The calculation
time is almost same as the cycle canceling algorithm.

Although the theoretical calculation time is not known, Conti-Traverso algorithm will be
useful if the fast algorithms to calculate Grobner bases for toric ideals are constructed.
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